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CORRESPONDENCE OF OPERANDS TO FUNCTIONS. 


IN an article on models of functions in the October (1908) number 
of the Guzette* it was suggested that some knowledge of one-to- 
one correspondence of operands ought to be acquired by means 
of models before going on to the correspondence of operands 
to functions, and of functions to functions. In particular, it is 
easy and of importance to make models of some of the roots 
of one. It is needless to say that the order of subjects actually 
adopted in schools is widely different from that here suggested. 
It is usual to begin with the addition and multiplication of 
numbers, that is, with a particular kind of correspondence not 
of operands but of functions. Even the words function and 
correspondence are not met with until a comparatively late 
stage, and the fact is ignored that the numbers 2, 3, 4, etc., are 
functions, though not one-to-one functions. 

In the present paper will be considered chiefly the one-to-one 
correspondence of operands to functions, the words operand, 
quantity, function being used with the meanings already defined. 
We will therefore consider the one-to-one correspondence of a 
quantity of operands to a quantity of functions, no operand 
or function occurring more than once in its quantity. It will 
be evident that these correspondences could be illustrated by 
models, though the models would have to be more complicated 
than in the case of a one-to-one correspondence of operands. 
For example a model could be made showing the one-to-one 
correspondence of a quantity of sizes or of colours to a quantity 
of functions, each function being itself illustrated in the way 
already described. 

We have seen that a one-to-one correspondence of operands 





*See also the work Clussification and Mathematics, Part I., by C. Elliott. 
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can be represented by a double column of symbols. A corre- 
spondence of operands to functions can be represented in a 
similar manner, but for each of the symbols representing one 
of the quantities of operands must now be put a double 
column or row of symbols. Therefore the simplest case to 
take is that where the functions have one quantity of operands 
in common, because then the correspondence of operands to 
functions can be most conveniently represented by a table of 
symbols. It is convenient to write the symbols for the quantity 
which the functions have in common along one side of the 
table, those for the quantity to which the functions correspond 
along an adjacent side, and to fill up the inside of the table 
with the symbols for the other quantities (v. tables below). 

In dealing with one-to-one correspondence it was pointed 
out that an important distinction is that of functions having 
the same operands in both quantities from those where the 
operands are different. Similar distinctions suggest themselves 
here, for the functions to which the operands correspond may 
have not only one but both quantities in common. These 
quantities may or may not consist of the same operands. And 
also the quantity to which the functions correspond may or 
may not itself consist of the same operands. In the following 
tables representing these possibilities, the left hand column of 
symbols may be taken as representing the quantity of operands 
to which the functions correspond, and the top row the quantity 
which the functions have in common. 


(1) (2) 
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In the paper on one-to-one correspondence some common 
examples of one-to-one correspondence were given, and some 
of these may also be utilised to give an illustration of the 
correspondence of operands to functions. For example, as 
illustrations of the common case where the cross-classification 
is by simultaneity, were given the correspondence of a boy's 
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weight to his height, or the correspondence of weights hung 
on a wire to the extensions produced. If we consider different 
boys and a set of heights, a weight-height function corresponds 
to each boy. In the case of wires, taking a set of weights an 
exteusion-weight function corresponds to each material. Such 
a correspondence would, as already said, be tabulated by writing 
the names of the materials at the left-hand side of the table, 
the symbols for the weights along the top, and filling up the 
table with the extensions. The resulting table would be like 
(1) above. 

It will be noticed that any one of these tables represents a 
different correspondence of functions to operands, because, 
instead of taking the symbols at the side to represent the 
quantity of operands, we can take those at the top. Also, in 
the tables (2), (3), (4) we have a third correspondence of functions 
to operands suggested by taking the symbols inside the table 
as those of the quantity of operands to which functions corre- 
spond. This is usually expressed by saying that any two of 
the quantities are functions of each other when the third is 
constant. The question therefore naturally suggests itself in 
regard to such a table as (4), are these correspondences of 
functions to operands the same, or different according to the 
quantity of operands taken? For example, if we take an 
operand ¢ at the side and 6b at the top, is the third operand 
the same if we take b at the side and ¢ at the top? A trial 
will answer the question, and show that in the case of the 
table (4) the correspondence of functions to the operands at 
the side is the same as that of the functions to the operands 
on top. The third correspondence of functions to operands 
is however different from the other two. A table such as (4) 
is called Permutative, and the question here considered is of 
great importance when, instead of taking merely a table of 
operands, we come to consider the multiplication table of a 
quantity of functions. 

An operand from the side and one from the top indicate a 
third, and therefore if we have a set of operands and a table 
such as (4) the process of combining any two, and then com- 
bining the result with a third, must ultimately lead to a 
single operand. The question arises however whether a different 
mode of combination might not lead to a different result. If 
the same operand is arrived at in all cases, the table is called 
Associative, and a trial will show that the table (4) seems to 
be associative. For example, the operand which arises from 
the set b, c, d, a, no matter how taken, is b. 

The above consideration applies to a single table such as (4), 
but, if we have two such tables in which the same, operands 
occur, other questions suggest themselves. It is natural to 
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ask the result of combining an operand by table A with the 
result of a set of operands combined by table B. A similar 
case in regard to functions arises when we have say a wulti- 
plication table and an addition table of the same quantity of 
functions, and consider the result of multiplying a sum of 
functions by a function, or of adding a function to a product 
of functions. If the result is the same as that of combining 
the one operand with the others separately by table A, and 
then combining the results by table B, the table A is said 
to be “ Distributive” in regard to B. Again, we might consider 
the effect of combining by table A the results of combining 
two sets by table B. Inu the ordinary school course a similar 
question first arises in regard to the multiplication of two 
binomials. 

In a letter to Nature of May 28, the convenience was 
suggested of having names for a one-to-one correspondence 
of functions, and for a one-to-one correspondence of such 
correspondences. Being unable to discover if such names exist, 
I will use the word hyperfwnction here for a one-to-one 
correspondence of functions, and superhyperfunction for a one- 
to-one correspondence of hyperfunctions. Therefore, since the 
numbers are functions, the correspondences represented by log a, 
a+ 32, sinex, and so on, must be called hyperfunctions, as 
must also a correspondence of vectors such as a quaternion. 

Hyperfunctions and superbyperfunctions can, like functions, 
be tabulated by a double column of symbols, which represent 
in the one case functions, and in the other case hyperfunctions. 
The words direct and inverse have the same meaning for 
hyperfunctions and superhyperfunctions as for functions. As 
in the case of functions, an important diversion of hyper- 
functions is into hyperfunctions having the same functions in 
both quantities, and those where the functions are ditferent. 
Such terms as transposition, multiplication, power, addition 
have the same meaning for hyperfunctions and superhyper- 
functions as for functions. 

An important hyperfunction is the correspondence of the 
direct and inverse forms of a function to eavh other, and this 
correspondence is evidently a transposition. Similarly, the 
correspondence of a direct hyperfunction to the inverse of it, 
is an important superhyperfunction. These correspondences 
may be called inversors. 

After dealing with the one-to-one correspondence of operands, 
it is natural to take the correspondence of operands to functions. 
And, similarly, after the one-to-one correspondence of functions 
it is natural to consider the correspondence of functions to 
hyperfunctions. 

A correspondence of functions to hyperfunctions is tabulated 
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in the same way as a correspondence of operands to functions. 

And, when the table is like (4) above. we may consider whether 

it is permutative and associative. While, if two such tables 

contain the same functions, one may be distributive as regards 

the other. C. ELLIoTT. 
OUNDLE. 


ON A CERTAIN GROUP OF CIRCLES. 


DescriBE a circle ABC (Figs. 1 and 2). Draw two chords AD, BC 
intersecting within it. Describe eight circles (a, a’; 6, b’, ete.), each of 
which touches ABC and the chords AD, BC; construct a triangle by 
joining any three of the points of intersections of ABC and the two chords : 
then the chords of contact and the line of centres of two circles taken in 
suitable pairs out of the eight circles are concurrent, the point of concurrence 
being equidistant from the three sides of the triangle. Then shall 





Fic. 1. 


(1) The line of centres of the two circles a and a’, and their two chords 
of contact pass through the in-centre of the triangle ABC. 

(2) The line of centres of the two circles 6 and b’ and their two chords of 
contact pass through the centre of the circle escribed to the side BC of the 
triangle ABC, with similar results for the circles ¢, ¢’; d, d’. 

M2 
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Let A, Hand F' (Fig. 3) be the three points of contact of any one of the 
eight circles, which touches the circle ABC and the secants BC, AD. Then, 
as is well known, we have two properties : 

(1) KE passes through the mid-point UV of the are BC, and KF through 
the mid-point J of the are AD. 


N 








Fic. 4. 


A A 
(2) EF and MN are parallel, .. EF A=MNK, and as the four points 
M, N, Aand & lie on the circle ABC, 


.MNK=c MAK (Figs. 3 and 4) or its supplementary angle (Fig. 5). 
. .EFK=2 MAK or its supplementary angle. 
Hence the four points A, A, F and J (the intersection of EF and AM) 


are concyclic. 








Fie. 5. 


.. LAIK=2 AFK (Figs. 3 and 5) or its supplementary angle (Fig. 4). 
Now AF touches the circle EFA, 
‘. L AFK or its supplementary angle=z FEK. 
Hence LAIK=2. FER, 


and As MKT, MIE are equiangular. It follows that the circle JEK touches 
the line M7, and MPR=MK.ME 
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Again, since UB=NC, we have MRB= MBE (in the figure BX is 
omitted). 
_ «. the circle passing through the three points B, Z and X touches the 
line MB, hence we have MK.ME= eB’, 


and MT =MB; - MI=MB. 
This shows that J is equidistant from the three sides of the triangle ABC. 
Next let O be the centre of the circle EFK, let BC and AD cut in L, EF 
and OLin P. Let OJ cut the circle B/C in Q, join QZ and produce it to cut 
the circle again (Fig. 6) in J’. 








l' 
Fic. 6. 


Then the square of the tangent drawn from the centre of the circle BIC 
to the circle HFK is equal to the rectangle VA. ME, or the square of the 
radius of the circle BJC ; thus the two circles FEX and BIC are orthogonal ; 
the radius OE of the circle EFA is equal to the tangent drawn from the 
point O to the circle BJC; and O£?=09Q. OV. 

Again, in the right-angled triangle OLE, OZF?=OL. OP; 

. 0Q.0I[=OL.OP; 


*. the four points J, P, Z and Q are concyclic. 


A A A 
Noting that /PZ is a right angle and JQZ and JPL are equal or sup- 


A 
plementary, we have JQZ=90°; .. QZ passes through a point J’ which 
is equidistant from the three sides of the triangle ABC (J/’ is the other 
extremity of the diameter passing through J of the circle B/C). And the 
line OJ is perpendicular to a fixed line Z’Z passing through the fixed point 
on it. 
© Sinilarly, the centre of another circle whose chord of contact passes 
through the point J, and the point J are on the straight line which is 
perpendicular to /'Z and passes through the fixed point Q on it. Therefore 
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the centres of the two circles whose chords of contact pass through J are 
collinear with J’, 

Corollary I. In the preceding figures, the point of intersection (other 
than J) of the circle B/C and the line ZF is one of the points which are 
equidistant from the three sides of the triangle DBC. 

Let KF produced cut the circle ABC in V. One of the intersections of 
EF and the circle whose centre is V and whose radius is VA is equidistant 
from the three sides of the triangle BAD, and the other from the three sides 
of the triangle CAD. 

Corollary II. In the Figs. 1 and 2, the points of contact of the eight 
circles with either of the two chords are in involution, the centre of which is 
the intersection Z of the two chords, and its constant is equal to the power 
of the point Z with respect to the circle ABC. 


Take Z, the intersection of two secants AD and BC as the centre of 
inversion, and the power of Z with respect,to the circle ABC for the 
constant of inversion. In Figs. 3, 4 and 5 call the inverses of the three 
points #, F'and K, £’, F" and K’, respectively. Then as the two chords BC 
and AD, and the circle ABC are their own inverses, the circle Z’F"K’ which 
is the inverse of the circle EFA, touches the chords BC and AD, and the 
circle ABC. 











= 


Fic. 7. 


Corollary III. When AD and BC are perpendicular, the centres of the 
four circles a, b, a’, b’ are concyclic ; as are those of a, b, c,d; of a’, b,c’, d’ 
and of c, d, c’, d’. 

Central Military School for Boys, Y. SaAWAYAMA. 
Tokyo. 
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QUERIES. 


(69) Through a given point to draw a straight line of given length 
terminated by two given straight lines. 


(70) In Casey’s Sequel to Euclid is given the analysis of the problem: 
“Through a given point to draw a straight line of minimum length 
terminated by two given straight lines.” Can any reader give the con- 
struction ? 

(71) If ¢(~) is a polynomial containing only odd powers of 2, while 
W(x) contains only even powers, and if 





ate Cn. -_9 
$(2n+1)+V(2n)= Apt Aint Aye PY ute . ae . 
A, , Ag A; 
then An Z tp Bt: 
This result can be proved at once by the summation of divergent series 
(cf. Montmort’s Theorem, Chrystal’s Algebra, Ch. 31, $5, Cor. 2, and 
Bromwich, Jnfinite Series, $110). Is there a straightforward algebraical 
proof ? 


ANSWERS TO QUERIES. 


[63, p. 119, Vol. V.] It may be worth while consulting the Report on 
Planimeters by Prof. O. Henrici, printed in extenso in Brit. Assoc. Reports, 
1894, pp. 496-523. The geometrical theory of generating areas is given, 
with simple descriptions of planimeters based un it. Then follows an 
historical sketch up to the invention of Amsler’s planimeter. A full 
discussion of Amsler’s instrument, its theory and its errors, with accounts 
of its successors concludes the Report. On errors due to inaccurate 
gradation and variation of arm-angle, v. Proc. Roy. Soc. Series B, Vol. 82 
(Biological Sci.), no. B 552, footnotes, pp. 42, 43. Wes. 


[67, p. 144, vol. v. ; 59, p. 342, vol. iv. ; Note 217, p. 406, vol. iii.] 

C is the centre and F, F" the foci of an inconic of a A X YZ, whose circum- 
centre is O, circumradius R and n.P. centre S. 

Prove that OF. OF’ =2R. CS. 

1. Let the semi-axes of the conic be a, b; H in the |* YA the orthocentre, 
and d the radius of the polar circle so that d?= HX. HA, and let us suppose 
the A to be acute-angled. 

Produce OC to Q, making CQ=OC and .. FOF’Q a Co". 

Because OQ is bisected at C, OH?+ HQ?=20C?+2CH?; 

(1) 2. R?-2d?+ HG?=200?+2(a?+b?—d?) ; 
. R+ HQ?=20C? + 2(a?+ b?). 

.. HQ is constant for all the A* XY YZ inscribed in that circle, and @Q isa 
fixed point; .. the locus of H isa circle with centre Q. 

If the A be obtuse-angled, equation (1) must be written 

R2+2d?2+ HQ?=2002 + 2(a?+b?+d?), 
and the result remains the same. 


2. Now let PMN be another of these inscribed A‘, having P in the 
diameter PP’ which passes through the locus F. 

Then, as PF'is in the diameter, PF” is {* to the base A/N, and the ortho- 
centre of PN is at one of the points H’, X, where this 1" cuts the above 
locus-circle, say H’. 
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Bisect H’K by the 1 QU, and draw a tangent || IN, meeting the sides in 
m, n, and the L* PZ in J. 

The points O and Q, as also F'and F”, are symmetrically situated as regards 
these tangents. 

Now H'P=2 1* from the centre 0 on UN 


=2 1* from Q on mn=201, 
and H'K=2UK; «.. the remainder KP=2K/; -. =2Pi. 
Again, the tangents being |!, we have (v. p. 311 of Math. Gaz., vol. iv., No. 73) 
PF. PF’=Pn.PM=P1. PP’ from similar right-angled A®* 
=2Pl.4PP’=PK.P0; 
'. FK is || OF", i.e. A lies on the straight line FQ. 
Draw FV || PH’ to meet UF"; then OV=QK=QH 
and PO: OF’=F0:0V; 
. OF. OF'=P0.0V=R.QH 
(2) =Rx20C8, S being the n.P. centre bisecting OH. Q.E.D. 








3. Since OV is = and || QX, V and K are situated symmetrically. 

Produce the focal 1* F’Z to 7, making L7=F’L; then F'7'=2a. 

Now the projection of VP on P7'=the sum of the 1™ on mn from V and 
K, =lLZ. Also the projection of 77’ on it=the sum of the 1”* on MN from 
Fand FP =(L; -. VP=FT=2a. 

Cor. If the conic is a circle with radius +r according as it is inscribed or 
escribed to the triangle, the above equation (2) becomes 

UC*=2K. OS, ie, R-2Rr=2R.08; ». £-r=08, 


which is Feuerbach’s Theorem, as was pointed out in Note 217. 
E. P. Rouse. 


[67, p. 144.] Let a, 8, y be the trilinear coordinates of F' with respect to 
the triangle, and a’, 2’, y’ those of F”. 


Then aa! = BB’ = yy! =p, SAY 5 ....ccreceecerensecsccereereees (1) 
also Desi Awe Dean Ame BRP 0... csecercscesssscvtsdcstccncseedes (2) 
where P=sin A.sin B.sin C. 


The coordinates of S are R cos A, etc., of C are $(a+a’), etc., and of NV are 
$R cos(B-C), ete. 
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Alternative formulae for 7, the distance between (a,, 8,, y;) and (a2, Bo, y2) 
are Pri — Zain A(B, — Be)(71— Ye) -seeeereeeceecsssceeees (3) 
and EV ZO OO By — Bgl | asencvaiess ss cnteoseocesinases (4) 

From (3) it follows that 

—-P.SF?= sin A(R cos B— B)(R eos C—y), 
which reduces by (1) and (2) to 
SFia pe Byh (5) 


3 
and therefore SF?.SF?=R!+4R*p?- Sy (aby +a’'B’y’). 
From (4) 
4P.CN*?-P.SF?-P.SF” 
=2> sin A cos A aa’+2RZ sin A cos A{cos A —cos(B-—C)}(a+a’) 
+ RX sin A cos A {cos?(B-— C)-—2 cos? }, 
which reduces by (5) to 
4? CN?= R*+ 4R2p? -— 
. SF. SF’ =2R.CN. C. W. Apams. 


[67, p. 144, Vol. V.] A is the centre and F, F”’ the foci of an in-conic of a 
A ABC whose circumcentre is 8, circumradius & and n.p. centre J. 


Prove that SF.SF’=2R. KN. 


This formula is a generalization of the known result S/?=2R. NI 
where J is the centre of the inscribed circle. 

The truth is obvious in two special cases (1) when F and F” are two 
corners of the triangle, and (2) when F and F” coincide with the circum- 
centre S and orthocentre O respectively. 

Since two tangents from an external point to a conic are equally 
inclined to the focal distances, we may use this notation 


FA=p, F’A=p, 








FAI=IAF’=6, 
FAO=SAF'’ =6+ a =a, 
F40=8aF a9-o Saw. 
If h is the perpendicular from A on BC it appears that 
pp’ sin (< —— ) sin (4 + é) =(A—pcosa)(h—p' cosa’). .......6006. (1) 
This reduces to 
pp —2R(pcosa+p' cos a’)+4R? sin Bsin C=0. .....cceeeceeees (2) 
To verify the proposed relation we use 
4NK?= FS? + F'S?+ FO? + FO? — OS? — FF, oo. cecceeceeseeee (3) 


and find after two applications of (2) that 
(SF. SF’? = R*[p? + p® + 2pp' cos 20 — 2pp' cos A — 2R(p cos a’ + p’cos a) + R?] (4) 
DEEP. REP 5: ects citeshinsnhntsiviitibiniliitintesitcintaitinvistgeptancsanisil (5) 
bE EIT EUR TINY oc ccsscneccececoseccaceneacceged (6) 


The algebra is heavy saeuaiil with the simplicity of the final result. 
I hope that some reader of the Gazette will give a more geometrical proof. 
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It is interesting to notice that if the in-conic and cireumcircle are 
fixed the length AW is constant; so the nine-point centre and hence the 
orthocentre and centroid have circular loci. 

The equation (4) reduces to 

(SF. SF’? = R2[SF?2+ SF? + 4b? — RB), .....ccceeeee peaseacane (7) 
when 2b is the minor axis of the in-conic. This is the porismatic relation 
between the circle and conic. 

From (3) and (7) it — that 

IP — O03 =2(a? +5? — BGO). ......ccscosescosesereee soeeedee) 

Hence the locus of the BE ite is a circle coaxial with the given 


circle and with the director circle of the given conic. 
F. J. W. Wuippce. 


MATHEMATICAL NOTES. 


319, [D. 6. b.] To find an approximation to the large positive root of the 


equation ef =]0Wylogi0l0z10 
We have e*=23°0...+10 log r+ 10!r! 
= 10"719(] +6), 


where ¢€ is quite small (certainly less than 40/10", for example, since 
clearly log <x). Hence 
(1) e=23°0...+10 log r+e, 

where ¢’ is positive and less than «. This equation enables us to find a 
succession of lower and upper limits for x. Thus x > 23, log x > log 23 >3; 
hence again « >23+30=53, log x >log 53 >4; and again r > 23+40=63 ; 
and so on. Again 

(2) log x=log 10+ log log x + log (1 +2 moe ). 

10 log x 


The last term is certainly less than i >. Again, since sa a se * decreases 
as « increases (at any rate when log x >e, as is certainly the oa we have 


loglogx _loglog53__ log4 14 _2 


log x log 53 . 2 oe 
Hence log x < log 10+? log x+32, 
and so log x< 1+ § log 10< 5, 


and so «<170. Substituting in (1) we get 
«< 24+10log 170 


<24+56=80, 
and so x < 24+10log 80 

< 24+46=70, 
and so xv < 24+10log 70 


< 24+43=67, 
aud so on. The value of the root certainly lies between 63 and 67: a 
closer approximation could be found with a little trouble. 

I have purposely chosen a rather complicated equation of its type. 
The points to observe are (i) that the factor 10x! proves to be of no 
importance whatever, and (ii) that it is futile to try to be very accurate in 
the early stages of the work. In all my inequalities I have left a good 
deal to spare, in order to work in round numbers as far as possible ; 
and I have lost nothing by so doing. This is why examples of this sort 














334 THE MATHEMATICAL GAZETTE. 
are instructive, and teach a sense of proportion. The great weakness of 
boys confronted with a numerical problem is that they cannot see where 
accuracy is essential and where it is entirely useless. 
All the logarithms are of course Napierian. As simpler examples take 
eF=10y10,  o2=10U1M210,  ev2=109x(log x)", 
etc., etc. Graphical methods may sometimes be used with advantage. 
G. H. Harpy. 


320. [A. 3. g.] The solution of the equation x«°*"*'+axz*-—b=0. 

An extension of the series method of solving an equation proposed by 
Lagrange (Todhunter, Theory of Equations, $$ 295-7) is possible in the 
case of the equation #"+!+a2*—b=0. Let a, B be the two numerically 
least roots of this equation, then 


xt) +ax?—-b=(v-a)(e@—- B)V(2); 
bent 1 a. B 
1-9-4 =1(1-2) (1-2) wee 
ax* a . x 2 (2), 
where W(x) is a rational integral algebraical function of 2. 
Then, bearing in mind the considerations adduced in Todhunter, § 296, 
we must get valid results if we take logarithms of both sides and equate 
the coefficients of the negative powers. 





Equating the coefficients of l ve get 
wv 


BD” (8n+1)3n b*) (5n+2)(5n+1)5n(5n—1) Be"? _ 
_— = 


5! qints 








Equating the coefficients of 2 we get 
PY 


a?+ B? 6b Qn+1 b™ | (4n+2)(4n+1)4n be 
3 "at 3! a 41 queers 











As these series are frequently very rapidly convergent a+, and a?+? 
can be readily calculated, and a and £ deduced, at all events to 7 figures, 
by logarithms. 

As an example take 27°+9x7-1=0. Here a=$, b=}, n=1, and we get 


2 93 ie 95 27 
at B= -5-2.5-7. 95-30. 53 -- 
+B? 1,32 , # | 96 
2 -= 9 ta: git 5: o7t21- ont: 


Results correct to 5 places of decimals may be obtained from the 
first three terms. We obtain 
a+ B=024968... , 
a? + B?='224085.... 
These give a='322011..., B= — 346979. 
As a fact these are correct, the third root being — 4:475032. 
A curious point arises. What is the meaning of the result when there 
is only one real root? Presumably the series are divergent, but the 
converse of this statement is clearly untrue. ANON. 


321. [V.1.a.] May I add to the suggestions already made for suitable 
symbols the following : 
>< for “is approximately equal to.” 
> ,, “is approximately equal to but >.” 
= ~,, “is approximately equal to but <.” 
They are associated with the symbols > and <, and are easy to write. 
Dulwich College. F. C. Boon. 
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$22. [K.6.] Note on the bisectors of the angles between two given straight 
lines. 

If the straight lines are ax+by+c=0, 

ae2+b'y+c¢=0, 
the bisectors are given by the well-known formula 
axr+ by+e_ ad aet+byt+e 
Vaei+b ~ a+b? 

The proper adjustment of sign for particular cases is a matter often 
slurred over in elementary text-books. In some cases rules are given for 
determining the bisector of the angle in which the origin lies. This treat- 
ment is open to two objections: (1) it usually fails when the origin lies on 
one of the lines; (2) the position of the origin is often in problems relatively 
of much less importance than that of other points under consideration. 

The following method depends on the important elementary property : 
‘The expressions obtained by substituting the coordinates of any two points 
in the left-hand side of the equation of a line have like or unlike signs 
according as the points are on the same or opposite sides of the line.’ 

Take any point (A, &) chosen at will. 

It is easily seen from a figure that if (2, y) is a point on the bisector of 
the angle in which (A, £) lies, the sigus of the perpendiculars from (A, &) on 
the lines are either both like or both opposite to the signs of the perpen- 


axtby+o is necessarily the 


diculars from (2, y), and therefore the sign of ————*—— 
(* y)s ™ ae+by+e 


ah+bk+e 
ah+0k+e" 
If x, y is on the other bisector the signs of these two fractions will in like 
manner be seen to be opposite. But the latter fraction can be written down 
at once in any numerical case, and the proper sign accordingly determined 
for the bisectors without appeal to a graph. 
For Ex. 4r— 3y-— 8=0, 
8x+15y—40=0. 


same as that of 


Taking (1, 1) which is not on either line as (A, 4), ah+ bk+e 
and the bisector of the angle in which (1,1) liesis  @ h+bk+e 
4x-—3y7-8 82+ 15y—40 
a a 
5 17 
or 14r—39y+32=0. 


, is positive, 


E. H. Smart 


323. [A.1.] It seems to me that the common method of finding the 
sum of a series whose zth term is a rational integral function of 2 by 
expressing it in terms of =n, Yn’, Xn... is inferior to the method of ex- 
pressing it in terms of =n, Dn(n+1), 2n(n+1)(n+2)... where >/(n) means 
the sum of the series whose zth term is f(x). 

The obvious advantage of the second method is the great ease of re- 
membering the results : 


Sn =$n(n+1), 


Sn(nt 1)=4n(n+1)(n+2), 


Sn(n+ 1)(n+2)...(n+r—- I= mnt 1)(n4+2)...(n-+7), 
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£g.: To find > for the series whose nth term is 5n3—3n?2+4n—2. 
1 





5n3 — 8n?2+4n —2 | en on 
=5n(n+1)(n+2), —18n(n+1), +12n, —2, | 5 15 10 
where the coefficients 5, —18, 12 are found as on —18 ye 
the right of vertical line. ae 
| 5 -3 4 
n 9 1 
- Y= Fu(n+1)(n+2)(n+3)— Fant y(nt2)+ et ) —2n 
=715(n+1)(n+2)(n+3)— 24(n+1)(n+2)+24(n+1)—8} 
_ 5n3 247 — 
= Ton +6n?+7n—-2}. Axon. 


324. [K.11.¢.] To prove that if a pentagon and decagon be inscribed in a 
circle, the difference between the squares on their sides is the square on the radius 
of the circle. 

Let AP and AD be sides of pentagon and decagon, D and P being on 
opposite sides of A. Let PD cut the radius OA at K. 











P 


The angle ADP=36° ;s DAO=72°; -. DKA=72°. 

Hence ADK and KPO are isosceles triangles. 

The projections Y, X of D, P on OA are the middle points of the bases of 
these triangles. Therefore 2YY=O0A. Hence XYA.BA-YA.BA=OA’, 
where BA is the diameter of the circle. 

Finally PA? -— DA?=04A". Q.E.D. 

The fact that AP is equal to the radius of the circle may be used in 
finding 7 directly the point A which divides OA in mean section has been 
determined. F. J. W. WuipPte. 


325. [A.1.] ote on “ Variations.” 

In elementary text-books on Algebra the following theorem is discussed : 
“Tf a varies as b when ¢ is constant, and if a varies as c when 0 is constant, 
then a varies as be when b and ¢ both vary.” The proof commonly given of 
this theorem depends on the tacit assumptions that the value of a corre- 
sponding to any given values of 6 and c is unique, and that it is the same 
however 6 and c¢ vary before taking up those given values; ie. it is the 
same whether first 6 varies and then c, or whether first c varies and then b ; 








PT a ae 
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or whether 5 and ¢ vary simultaneously. No evidence is brought forward 
in support of these convenient assumptions, which of course amount to the 
assertion that a is a single-valued function of b and ¢ for the range of values 
considered. As it is not immediately obvious that this is the case, and as it 
is easy to prove it, it seems unnecessary to take so much for granted. 

Before a satisfactory proof can be obtained, it is essential to settle exactly 
what is meant by the statement, “a varies as b.” For example, if a?=4b*, 
does a vary as 6? It will greatly simplify matters if this question is 
answered in the negative. To the definition of variation as commonly given 
should then be added the explicit statement that “to each value of a 
corresponds one and only one value of 6, avd conversely.” This being 
understood, the proof may be proceeded with ; it is as follows: “If c have 
any definite fixed value c,, a varies as b, 7.¢. there exists a definite constant, 
k, say, such that a=k,b. Hence, to every definite set of values },, ¢, of 
6 and c, there corresponds one definite value a, of a.” One might almost be 
excused for regarding this as a triviality, but some such introduction to the 
current proof seems necessary to clear it from the imputation of looseness. 

Batley Grammar School. W. D. Evays. 


326. [X.4.b. B.] Graphical solution of a biquadratie. 


For some years I have given in lecture the following solution ; it is much 
too easy and simple to be original, but it may be new to some of your 
readers. 

Let the biquadratic be 


KA 4a? + 6b22 + 407 4-B=0. ..ccccoccsccsssscscscecses (1) 
The parabola BB ANAM si ddsnconennvticssocscage center Sted (2) 
and the circle EO ABP 5 inch caacnrocieveacoieneteeee (3) 


meet in the points whose abscissae are given by 
a + 4aa3 + (4a? + 2p+1)x?+(4ap+2q)r+p?+r=0. 
This coincides with (1) if 2p=6b-—4a?-1, 
q=2c—2ap, 
and r=d—p?. 

Hence 7, g, 7 are easily obtained. 

The parabola (2) is the standard parabola y=.?, with its vertex at the 
point (—a, p—a*). This standard parabola should be kept in a permanent 
form made of wood or some such material. The circle (3) is easily drawn. 

The abscissae of their points of intersection on being measured give the 
roots of (1). ANON. 


327. [M'.a.] The cycloid. 


(1) The curve generated by the rolling motion of a cycloid along a straight 
line may be easily obtained in the case of the vertex of the cycloid. 








Oo i. = 


Consider any position of the cycloid where B is the vertex. Let O be the 
position of the vertex initially and MZ the diameter of the generating circle 
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parallel to AB. Then AM=aG=BL. By projection the coordinates of B 
are seen to be: 


(i) e=OP-—PL-BL cos = 2PL— PL- BL cos 9-24 sin 9 | a8cos 4 
(ii) y=a0sin 4 


(iii) The normal to the locus of B is evidently 





BP= A) BL?+ PL?+2BL . PL cos ema (62+ 4sin? 2+ 26 sin 6. 
(iv) The radius of curvature at B of the locus is by the formula, 


oie , Ny 
a(4sin 5+ P+20sin 8 BPs 2BP3 2n3 


~BE+PL OB + BP?” +n 





asin? 24 e 
if » denote the rad. vector OB and nv the normal BP. 
(2) Equation to BL is xsin ery cos 8-20 sin? 4 
Hence the locus of the foot of the perpendicular from O on BZ is 
r= 2a cos*@=a(1+cos20), whose pedal equation is +3rp*—8ap*=0. The 
pedal equation to the envelope of BZ is thus r?+3p?-8ap=0. 
M. T. Narayana IYENGAR. 


328. [A.1.a.] Vote on the factorization of the trinomial x«?+ px +q. 

Beginners learning algebraical factors are easily misled by such trinomials 
as x*+37r-—210; the more careless will give factors involving 30 and 7, 
while others, noticing that these numbers “do not work,” will be confident 
that there is a misprint in the signs. It affords useful practice to give 
groups of four such expressions for factorization, e.g. 

2+37¢—-210, 22+3774+210, 2?-37r7+210, 2?-—37%-210, 
or a? -29x+219, 224+29%-210, 2?+292+4+210, x?-—292-210, 
and so on. 

To construct such examples it is necessary to find a formula giving values 
of p and g for which 2*+pe+g and x*?+pxr—g will both factorize. The 
required formula is 

p=k(a?+b?) and g=k*.a.b(a?—b?), 
where a and 6 are any integers, a>), and / is any odd integer not containing 
a squared factor. 

Then 2?+h(a?+0*)a+h.a.b(a?-B)={r+k.a(a—b)}{x+k. b(a+d)}, 
and v?+k(a+b*)c—-.a.b(a®?- b*)={x-k. b(a—b)}{a+k.a(atb)}. 

C. C. Wiss. 

329. [A.2.a.] The scheme used by many elementary text-books in assisting 
the student to memorize the ratios x: ¥:z when determined from 

a,c+by+e,2=0, 
ag + boy + ¢y2=0, 
usually takes some form like this : 


AA b, a 
ay /~™ b, Cy. 
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Might I suggest the following scheme which impresses the cyclic order 
on the youthful mind ? 





x 


The explanation is obvious, and so is the rule of signs to be adopted in 
following the dotted line. The idea is capable of extension in other directions 
that will be obvious. Joun H. Law tor. 


330. [K. 4.5.] 70 inscribe a triangle in a given triangle so that the sum of 
the squares of its sides shall be a minimum. 

Let ABC be the given triangle. 

Consider a triangle PQR inscribed in ABC, and let the circum-circles of 
the triangles AQR, BRP, and CPQ intersect in the common point 0. 

Then we know that the minimum triangle similar to PQR inscribed in 
ABC is XYZ, where OX, OY, and OZ are perpendicular respectively to 
BC, CA, and AB. 








Consequently the sum of the squares of the sides of the triangle PQR 
cannot be a minimum unless the perpendiculars at P, Q, and & to BC, CA, 
and AB respectively are concurrent. 

Let XY YZ be the triangle for which YZ?+ ZX?2+ XY? is a minimum. 

This expression is equal to 


OA? sin?A + OB sin? B+ OC? sin? C. 
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Consequently O must be the point for which this second expression is a 
minimum. That is, 0 is the centre of mean position of the points A, B, and 
C for the multiples sin®.4, sin?B, and sin?C. 

Methods of solving the following problems can at once be deduced from 
the foregoing solution. 

To draw a transversal across a triangle meeting the sides at Y, Y, and Z, 
so that (a) X¥?+ YZ? isa minimum, 

(6) X¥*+ ¥Z?+ ZX? is a minimum. G. R. THompson. 
331. [X.4.a.] An interesting figure. 


The accompanying diagram rather neatly illustrates the relative magni- 
tudes of the a.M., G.M., and H.M. of two quantities a, b. 


AP=AR=a, 
BQ=RB=b. 














The three means are CD, RG, RH, the last being the parallel to 4P, BQ 
drawn through the point J where PB and AQ meet, and terminated by PQ 
and AB. 

This is of course well known, but it is interesting to note that J falls on 
the geometric mean LG. 

But the most interesting thing in the figure is that the point A, where the 
circle cuts PQ again, is collinear with CZ and with D’R, and that the foot Z 
of the ordinate AZ is collinear with DJ and divides AB in the ratio a? : b. 

In fact, if we want to divide any straight line AB in the duplicate ratio 
of a:b, all we have to do is to draw from its extremities two parallel lines 
AP, BQ proportional to a, 6 respectively, and to join the mid-point D of PQ 
to the intersection J of the cross lines PB, AQ; then DJ produced cuts AB 
in the required point Z. 

[Note.—If PQ cuts AB in S, the mid point of RS divides AB externally in 
the ratio a? : 62, as is well known. The above construction finds the znternal 
point of division. The external dividing point can also be found by drawing 
through J a parallel to PQ.] A. Longe. 


332. [M!.a.] The cubic xy?+4a3=0. 
This cubic has certain properties closely connected with a parabola and 
may be generated from the latter by a simple construction. 











'_ ne Sw 
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Let P be a point on the cubic whose coordinates are (—2, y). Draw PN 


perpendicular to the y-axis and produce it to Q such that QV= 20+" <i 
then the locus of Q isa parabola. For 


QM? =y2= = =(QN — 2a) 4a. 


Thus, if OA=2a, QM*=4a. AWM, or the locus of Q is the parabola whose 
vertex is A and latus rectum 4a. 


























(1) Now, if YZ be the directrix of this parabola and QSQ’ the focal chord 
through Q, we know AM.AM'=a?. Hence AM’=PN and QA'=PAK ; that 
is, the distances of P and Q’ from the directrix are equal. 

(2) Again, SQ=QAK, therefore PQ= QQ’; that is, the distance between the 
cubie and the parabola, measured parallel to the axis, is equal to the focal 
chord of the parabola through the point where the parallel meets the 
parabola. 

(3) Also, if the rhombus PQQ'/” be completed, the point /” is on the 
second branch of the cubic. 

(4) The straight lines PQ and Q/” bisect the angles of the rhombus and 
are therefore tangents to the parabola. In other words, the diagonals of the 
rhombus touch the parabola and intersect at Zon the directrix. 

(5) If SZ be joined and produced to meet P/” in y, the locus of y is a 
straight line parallel to the directrix at double its distance from the focus. 

(6) The form of the cubic is as traced in the figure, and it is readily seen 
that the intercept of the tangent between the asymptotes is divided in the 
ratio 2:1 at the point of contact. 

(7) The distances of P and /” from the asymptote VN’ are respectively 
equal to the distances of @’ and Q from the tangent at the vertex of the 
parabola, and are such that their product is equal to a constant, viz. a. 

(8) The focal perpendiculars on the tangents at Q and Q meet the tangents 
at ? and P” on the asymptote VN’. 

(9) Any tangent to be cure cuts the cubic in three points (7,, ¥,), 


(%o5 Yo), (%3y Y3), Where Spits a For, the tangent to the parabola 
a De Se : : Seal 
may be written yt=2 —2a+aé*, and the intersections with the cubic will be 


, s ; . ee ee 
such that 4°t+7?(2a —at?)+4a°=0. Thus ’, ams ¥ 2 ~ =0. 
y 3 Ys 
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-+- - —8at 





Also, 7, %9/3= if y, denote the ordinate of the point of contact 
NnY2Y3= 4 I 


of the tangent to the par abola. 
That is, I Yo-Ya-Ygt 8at=0. 
Similarly, we find Uy +%g+.03+2xv,=4a. 
M. T. NARAYANA IYENGAR. 


REVIEWS 


Les Mathématiques en Portugal. 2nd edition by R. Guimaraes. Pp. 655. 
(University of Coimbra). 

A most interesting opening sketch of the history of mathematics in 
Portugal extends to some hundred pages. This is followed by a general 
catalogue of all works written by Portuguese mathematicians, wherever pub- 
lished, and of memoirs contributed to mathematical publications both at home 
and abroad. It is interesting to note that among the Albuquerques, and 
Pintos, and Pereiras we occasionally see names as familiar to British eyes as 
Fisher and Woodhouse. To most of the important papers Capt. Guimaraes has 
appended a summary, sometimes critical, in French. We do not quite know 
whether the gallant captain wishes to reflect upon the editors of mathematical 
journals in his native land, or whether he has, perhaps injudiciously, chosen 
this opportunity of pouring out the phials of his contempt upon an 
individual, but the treatment accorded to M. Antonio Cabreira exceeds in 
license all that we have ever seen in any bibliography. We mention this 
because we have received a pamphlet of protest from the unfortunate M. 

Cabreira, protesting against the manner in which he has been singled out. As 
we have no means of judging whether the scathing criticisms of the compiler 
are justified or not, we have thought it only fair to place on record M. 
Cabreira’s expostulation. It certainly adds nothing to the value of a com- 
pilation such as this to be told of any author that ‘‘sa bouffissure et sa 
sutlisance s’y étalent complaisamment comme dans d’autres de ses travaux.’ 
The linguistic equipment of Capt. Guimaraes for his task is perhaps now an«| 
again at fault, as may be seen from the following delicious ‘‘ appreciation ”’ of 
the Portuguese Nautical Almanac. It “is adopted to the meridian of the 
University or Observatory of Coimbra and possesses some peculiarities not 
found in other almanacs of this class. The Sun’s R.A. is expressed in are 
and not in time; the positions of the fixed stars are omitted; the lunar 
distances are given for intervals of 12 hours and not for 3 as in other 
almanacs, but what is utherly uscless both to the astronomer and navigator, 
is the time roben the Moon enters the signs of the zodiac. Perhaps this 
uniformation is intended for the use of the rural population who may to some 
extent be guided thereby in their agricultural operations. It is the only trace 
of astrology to be found to day in any almanac or ephemeris of any scientific 
pretensions.” And this is said to be a quotation from Popwar Astronomy. 


Obras sobre Mathematica. By Dr. F. Gomes Terxrrra. Plublished by 
order of the Portuguese Government. Vol. V. Pp. 497. 1909. (University 
Press, Coimbra. ) 

This volume is a translation into Frene h of the second part of the author’s 
‘Treatise on Plane and Gauche Curves,” the first part of which has already 
been noticed in the Gazette. It forms a fitting complement to the rich store 
with which we were presented in its predecessor. Dr. Teixeira has laid under 
tribute practically the whole of available mathematical literature. Vast as 
is his display of erudition, he has marshalled, modernised, and presented his 
material with great skill. And when we note, as is often the case, the 
elegance of his methods in continuing or completing an investigation, we 
could lament that the time the author has spent upon analysis has not been 
devoted to geometry. It is a pity that the special difficulties attending the 
translation from his native tongue were not more clearly anticipated by Dr. 
Teixeira, To the long list of errata appended at the end of this volume 
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we fear many more will have to be added. Fortunately the majority of 
them are merely errors in French Grammar or in the spelling of names of 
individuals. They will hardly arrest the English reader, and the number of 
misprints in the mathematical formulae are comparativ ely insignificant. Dr. 
Teixeira is to be congratulated on the manner in which his Government and 
the University of Madrid have recognised the value of his labours, and we, 
too, must congratulate him on the “successful termination of his congenial 
task. 


The Collected Papers of J. J. Sylvester. Vol. III. Pp. xv+688. 18s. 
net. 1910. (Cambridge University Press). 1910. 

Dr. Baker’s task is now drawing to a close, and with the next volume of 
the Collected Works the monument to Sylvester’s memory will be completed. 
The present volume practically covers the period at Baltimore, during which 
Sylvester had the opportunity, as he said, of inaugurating ‘‘a new era of 
scientific productivity in my own scientific existence.”” It was here that he 
became immersed in the researches on Quantics, during which he discovered 
facts and principles which ‘*but for the persistence of a student of this 
University ’’ would, ‘‘so far as I am concerned, have remained still hidden 
in the womb of time.” We do not think Dr. Baker need feel any qualms of 
conscience on having included in this volume the eminently characteristic 
Johns Hopkins Commemoration Day Address of 1877. It will be read or 
re-read with pleasure and profit by others than those who are devoted to “‘ the 
divine Algebraical art.’? ‘‘The present volume deals very largely with the 
author’s enumerative method of obtaining the complete system of concomi- 
tants of a system of quantics, with the help of generating functions,’ and 
towards the close we have glimpses of the ferment from which eventually 
emerged the great ‘‘ Constructive Theory of Partitions’? that was in due 
course to make its appearance. Here also we find the memoir on ‘ An 
Application of the New Atomic Theory.’’ This was heralded by a letter in 
Nature, in which he announced his discovery of the common elements of ‘‘ the 
new mechanism, the new chemistry, and the new algebra. Underlying all 
these is the theory of pure colligation, which applies undistinguishably to the 
three great theories, all initiated . . . by Eisenstein, Kekulé, and Peaucel- 
lier.” The difficulty he experienced in conveying an idea of the objects of 
modern algebra to a mixed audience were delightfully dispelled one night 
when lying awake in bed. ‘‘I was agreeably surprised to find, of a sudden, 
distinctly pictured on my mental retina a chemico-graphical image serving 
to embody and illustrate the relations of these derived algebraical forms to 
their primitives and to each other. .. .’’ We may perhaps be permitted a 
few quotations that are not without their interest. ‘‘I have also a great 
repugnance to being made to speak of Algebras in the plural; I would as lief 
acknowledge a plurality of Gods as of Algebras!’’ Kant remarks that an act 
of imagination is at the bottom of every advance in geometry where in 
reality the proof lies in the construction. ‘‘ Take as an example the theorem 
that the sum of the three angles of a triangle is equal to two right angles : as 
soon as by a stroke of imagination a line is conceived as drawn from one 
angle parallel to the opposite side, the truth of the proposition becomes 
virtually self-evident.’’ ‘‘ Perhaps 2evenants would be more expressive to 
signify the forms (or ghosts of forms, if one pleases to say so) which never 
die out, but continually return as the leading coefficients of irreducible 
covariants.”’ ‘‘ The object of pure Mathematic (which is only another name 
for Algebra) is that of unfolding the laws of the human intelligence. With 
Geometry it fares as it was thought to be probably about to fare with a 
certain distant land—it is ‘wiped out’ between the two neighbouring powers. 
Algebra takes for its share Geometry in the abstract. Sensible or empirical 
Geometry (as, thanks to the Copernican genius of Lobatcheffsky and the 
sublimated practical sense of Helmholtz, is now beginning to be well under- 
stood) falls into the domain of physic. So already Logic is divided between 
Psychology and Algebra; and so eventually with Grammar, whilst Linguistic 
is handed over to History, Psychology and Physiology; its theoretical part, 
the laws of syntax, declension or conjugation, regimen and collocation, must 
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be eventually absorbed into Algebra.”’ ‘‘ Nor should it be overlooked that in 
our great art, the ars magna cogitandi, a gain in expression is a gain in 
power.” ‘‘There is an untold treasure of hoarded algebraical wealth 
potentially contained in the results achieved by the patient and_long- 
continued labour of our unconscious and unsuspected chemical fellow- 
workers.’’ But we need not continue. Sylvester’s papers are full of similar 
arresting sentences. 
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The Syllabus in Geometry. A L. Baker. Some Changes in teaching Geometry. W. A. FRANcIs. 
What is Ratio? J.L.Cootiwer. The Fucts about Perry and his idea. J.C. Packarp. 

Nouvelles Annales de Mathématiques. Edited by Mm. Latsant, BourLet, and 
BricaRp. April, 1910. 

Sur les surfuces de M, Appell. E. Turrizre. Sur la détermination des droits de succession des 
enfants naturels. H. Picquet. Théorie algébrique d'un jeu de société. H. ve GoupiLuitre. 

Bulletin of the American Mathemutical Society. Edited by F. N. Corn and 
others. May, 1910. 

An Application of the notions of General Analysis to a Problem in the Calculus of Variations. 
O. Botza. The Infinitesimal Contact Transformations of Mechanics, E. Kasner. On an Integral 
Equation with an Adjoined Condition. Mrs, A, Pett. The Unification of Vectorial Notations. By 
E. B. WILson. 

La Revue de l’Enseignement des Sciences. March, 1910. 6 fres. per ann. 
(Le Soudier, Paris. ) 

L’ Enseignement Mathématique et V Expérimentation, A. Sarnte-Lacts. 

L’ Enseignement Mathématique. Edited by C. A. Laisant and H. Fenr. 
May 15, 1910. 

Rupport sur les diplémes d'études supérieures de sciences mathématiques en France. A. SaInt- 
GerMaiIn. Junius Massau. J. Rose. Pour une Théorie de Mesure. G. CompBeBtac. Sur les 
développes d'une Courbe gauche. V. JaAmMET. Sur la Notion de Puissance en Mécanique. E. Corron. 

Annals of Mathematics. Edited by O. Stong and others. April, 1910. Vol. 
II. No. 3. 28. per number. (Longmans, Green.) 

A Generulisation of the Game called Nim. E. H. Moors. A Simple Method for graphically 
obtaining the Complex Roots of a Cubic Equetion. R. E. Girason. The Topography of certain 
Curves defined by a Differential Equation. F. R. Snarpt. Abel's Theorem and the Addition Formula 
Sor Elliptic Inteyrals. H. H. Barnum. On the Determination of the Asymptotic Developments of a 
given Function. W.B. Forp. The Integral Roots of Certain Inequalities. W. H. Jackson. 

Gazeta Matematica, Edited by I. Ionescu and others. Vol. XV. No. 9. 
May, 1910. 
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